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1 Notation

Let u be a probability distribution over an alphabet X', with Shannon entropy H(u). For a set
S C X we write u(S) := Y g p(x). For arandom variable X taking values in the discrete alphabet
X and F an event in the o-algebra of X, we write E,[X; F| := E,[XTz]. Whenever unambiguous
we write KL(- || -) := KLj(-|| ). Finally, for an integer i € N we write [¢] := {1,...,7¢}. We refer the
reader to the main text for the full list of terms.

Throughout, we make use of the following information-theoretic property: for any discrete
random variable X over X we have (Cover and Thomas, (1991)),

KL(X || %) = log | X| — H(X). 1)

Lemma 1. Let M be the class of budget multinomial distributions. Let p be a memoryless sta-
tionary source and K € N. Then the model p;, € M which minimizes KL(u||-) is

Z* = argmin [u(X \ Z)KL(px\z || %\ 2)]
Z:|Z|=K
0" (z) = pu(x) VeeZ* 05 = p(X\ 2%).
Proof. First, we fix Z and derive the optimal parameters for this Z. Second, we use these optimal

parameters to obtain Z*. We begin by expanding the KL divergence of p(z) := p(x; Z,0,6p) from
14

IE.0.00) =KLl p) = B, flog” ("))
= E {logzgg; xez} + B [l gzég; x%Z}

We now define the Lagrangian

J(Z,0,00,)) = J(Z,0,00) + (Z p(z) — 1) .

zeX



Let 0 :=[0y,...,0K], and fix Z := {z',...,25K}. For i € [K], we have

9 9 p()
—J(Z,0,00,\) = — E |log—=; Zl+A
80 J( 0, ) 801 B |:Og p(IE) y & € +
(')
———=+ A
p(at)
Recall that p(x) = |X9\°Z| for x ¢ Z. We thus have
9 9 ()
—J(Z,0,00,\) = — E |log——; Zl+A I
800 ( 0, ) 800 Teop |:0g $) Y x ¢ :| + r;}( [m%Z]
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Setting z5-J(Z,6,00,A) = 0 for i € [K] U {0}, we obtain
o X\ 2)
01' =\ I/.L(l'z) 6 =\ llu‘(
[\ Z]
Finally, from ) p(x) = 1 we find that A = 1. For a fixed Z, the unique optimal parameters are
thus (X 2)
07 = p(xt) pz = -\ =) (2)
Tl z
We plug these values into the definition of J(Z, 8, )
J(Z,0,0)) = E |log Hw) ;X € Z] + E [log H) - Z]
eop |7 pl(x) e~ |7 pl(x)
Ll p(x) ]
= E |l i rE€Z E |log—%=; Z
B et re 2]+ B st
[ p(@)px\2)"!
= E 1 N Z
[ MX\Z(fC) ]
= E |[log——>:2¢2Z
Tevp | %X\z(l’) ?
= WX\ Z)KL(pa\z | %x\2)-
The model in M which minimizes KL(u || -) is thus
Z* = argmin [p(X \ Z2)KL(px\ z | %\ 2)] »
Z:|Z|=K
with parameters given by Equation O

Lemma 2. Let Z* be the subalphabet associated with the model p;, € M minimizing KL(j||-).
Then Z2* = HU L, where H, L. C X are such that



o forallz € Hyye X\ H, pu(x) > p(y), and
o forallz € Lyye X\ L, pu(z) < p(y).

Proof. From Lemma [l we know the optimal model has subalphabet

Z* = argmin [p(X \ Z2)KL(px\z | %\ 2)] -
2 Z|=K

Let X := {z%,22,...,2™} be such that p(z') > p(x?) > --- > u(z®) > ... pu(2™). For simplicity we
consider the case when K = 1, and show that

p(X\ Z)KL(MX\Z | %X\Z)

is concave over ¢ = 1,...,m. For K = 1 and a fixed choice of z*, the above can be rewritten as

WX\ Z)KL(paz || %enz) = (1= pu(@")KL(pa 2 || % 2)
= (1—p(2")[log|X \ Z| — H(px\z)]

= (- ple®) loglx\ 2]+ S X\Z)log(&)

J:;éxl
— (- (@) log X\ 2]+ 3 ) logu(a) — 3 log (X
xAxt rATt

= (1= p@@)log |X\ 2|~ H(n) |
= p(a)log u(z') — (1 — pu(a")) log(1 — u(z"))
= (1—p(z")log|X\ 2| — H(u) + H(pu(2")),

where with some abuse of notation we use H (11(z*)) to denote the entropy of a Bernoulli distribution
with parameter p(z?). This entropy is concave in y(z?), and summary examination shows that the
whole function is also concave in g (z?). It must be therefore be that the minimum is achieved by
either u(z!) or u(x™), i.e. by removing either the least or most frequent element from X. The
case K > 1 follows by similarly relating our objective function to the entropy of a multinomial
distribution with parameters u(z%), ..., u(z'), 1 — p(X \ 2). O

Lemma 3. Let M be the class of budget multinomial distributions. Let p be a memoryless station-
ary source and K € N. Let p* := p; € M be the model with parameter Z* minimizing KL( || -),
and let p := p,, € M be the model defined according to

Z := argmax u(2)
Z|Z|=K

with parameters as per Lemma[l. Then

K
log K.

. 1 \ 1
KL(u||p) — KL(u|l p*) < — + u(2 \ Z)log K < — T T

Furthermore, there exists a source p for which

—_

KL(p || p) — KL(p || p*) > ;



Proof. Let |X| = m and as before let X := {x!,..., 2™} such that u(x!) > p(z?) > p(x™). Without
loss of generality, we consider the case where Z* := {xm_K ..., 2™}. We partition our alphabet
into three sets, A := Z, C := 2*, and B := X\ {AUB} (Figure and let L := |B|+ K = |X| - K.
We begin with a few properties which follow from our arrangement of X in order of decreasing

()

I — X
A B C

—
L= [B[+[A] = |B| + |C| = [B[ + K

Figure 1: Probability distribution over X with symbols arranged by decreasing probability. Here
A=Z2C:=2Z2"and B:=X\{AUC}.

probability:
P*(:U)ZM(A)Z”(B)vxeAuB p(x):WVl“EBUC
pl) = p(z) Yo € A w(B) ZM(J) N uf)

Observe that both models assign uniform probabilities over B, but may differ significantly over
A and C'. We consider the difference in their KL divergence from pu:

) o G
KLl )~ KLul ) = 5 B g2 0 es] ®)

Se{A,B,C}
Since p(x) > p*(x) for all z € A, we know only the expectations for sets B and C' may be positive
in Equation [3| We first consider the B term:

Pz . _ o MA) +u(B)
B ot iren] = Bl liGrhe e o]
1
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where the last inequality follows from finding the maximum of —zlogz on [0,1]. Turning our
attention to the C term, we have

Eesgivee] - B g )(c»/L”eC]
< e [log ;X € C]

A
6

pe ()
we) B [log 13}(]
= (C)KL(MC”%C)
< w)

where for the second inequality we used pc(x) = p(x)/u(C) on z € C, and the last line follows
from Equation Since C' contains the K symbols with smallest probabilities, we know by the
pigeonhole principle that p(C) < %; noting that in the general case C = Z* \2 , the upper bound
now follows by combining the terms.

To prove the lower bound, we simply construct a source p for which pu(x) = ¢ for all x € AU B,
and p(r) = € < ¢ for x € C. In this case, KL(u || p*) = 0 since p* correctly assigns a uniform
probability to all symbol in A U B; the % lower bound follows by maximizing —u(B)log u(B) as
before. O

Theorem 1. When Algorithm 1 (K -distinct reservoir sampling) terminates, its summary S is the
K -concise summary of a permutation 1., sampled uniformly at random from P(z1.y,).

Proof. Let (r; : t € N) be the sequence of random integers drawn by Algorithm 1, and (w!, : ¢t € N)
the sequence of permutations of z1., induced by (r;), with w!, := w!...w! € X'. Note that this
sequence of permutations does not depend on the rest of Algorithm 1.

Our proof goes by induction. At time ¢t = 1 we insert z; with d;; = 1 = 7(x1); clearly
S = <(x1, 1)> is the 1-concise summary of the unique permutation wi,; = x1. Now assume that
Si_1 = <(yt_17i,dt_1,i)>fil is the K-concise summary of wftl_l, and without loss of generality
assume K’ = K. For clarity of exposition let r :=ry, I := I;_1(2¢), and J := Jy_1(r); further, we
write Dy ; := Z;;ll dyj (see main text for deﬁnitions).

Observe that r is the position of z; in w1 4 and in particular w}, = wi 'z’ +11 4_1- By assump-
tion, for all i < K we have Dy_; ; = T(yl, wlt 1) 1, and furthermore y;—1 := y(Si—1) = ¢K(wi;£1).
We need to show that Dy; = 7(y;,wl,) — 1 for all i < K and y; = ¢x(wh,).

Consider first the case when x; occurs within w;.,, i.e. I < J. Then the first occurrence of zy,
7(xg,wh,), is the same as 7(zy, wl;',). More generally, for all i < J we have 7(yi—14,wl,;) =
T(yt_u,wﬁl_l) while for i > J we have 7(yi—14,wl,;) = T(y—1 Z,wl g 1) + 1. Furthermore,
dr(wh,) = qﬁK(witl 1). In this case we set dy j—1 < diy—1,5-1 + 1, such that for all i > J we
have D;; = ijl dij = Di—1; =7(yi—14,wh,) — 1, as desired.

If x; does not occur within wi.., we must insert it within our K-concise summary, provided
that x; € ¢ (wy.rzy), i.e. fewer than K distinct symbols occur in wy.,.. Again, for all i < J, we
have 7(y;—1.4,wh,) = T(yi—1.4,wi;L ), while for i > J we have 7(y—1.4, wl,) = T(y—1.4, w1 ;) + 1.
However, the time of first occurrence of x; now naturally becomes r, and ¢x (wh,) # ¢ (wi;')).

In this case S; is updated from S;_; as follows. If 2; occurs in ¢ (wi;',) (at position I), we first



remove it from the reservoir and set d; ;—1 = di—1,7-1 + di—1,7. We then INSERT x; at position .J
with count D;_1 ; —r + 1, as per Algorithm 1; in particular, all elements at positions ¢ > J are
moved forward one position, i.e. y;+1 = y¢—1,;. Following the insertion, the D;. terms become

J—1 J—2
DtJ = Z dt,j = Z dtfl,j +r — Dt,LJ,l =r= T(:ct,w'i:t) -1,
Jj=1 Jj=1
i—1 i—1
Dt,i = Zdt’j = Dtﬂ] + Dt_LJ —r+1+ Z dt—l,j = Dt—l,i +1= T(ym,w'i:t) —1Vi>J,
j=1 j=J

as desired. Finally, we remove the K** + 1 symbol. For y; ...y = y;—1 = ¢K(w'i;1_1), then

o (Why) =y ys 1Ty Yr-1,

which matches the contents of &;. Thus S; contains the K-concise summary for the permutation
w!,,, and the result follows by induction. O

Lemma 4. Let (u; : t € N) be a sequence of probability distributions over X together forming a
memoryless coding distribution p(x1.,) = [}y pe(z¢). Let x1., be a random string drawn from p,
and Z1., a permutation of x1., drawn uniformly at random from P(z1.,). For any x € X, we have

Pr{e ¢ ¢x(@1n)} < (1= min i (2))"

Proof. Consider the permutation 7 on [n] mapping 1., to Z1., such that Z; = x,(;). If the random
elements of ¢ (Z1.,) are denoted Y] ... Yg, then

PI‘{(I} ¢ (ZSK(i.ln)} = Z Pr{y’l =Y. 7YK = yK}
ylv“'ayK#x
= Z Pr{Yi,..., Yk 1} Z Pr{Yx =y |Y1,...,YK-1},
Yl YK 17T YK FT

where in the second line Y; = y; is implied for conciseness. Now,
> Pr{Yk =yk|Yi,..., Y1} =1-Pr{Yx =z|Y1,... Y1}
YK FT

In general, the distribution over Y depends on the random time 7x at which the K** distinct
symbol first occurs in Z1.,. For example, the first element Z; is sampled from fi;(;), the second
from fir(5,), etc. However, given 71 ...7x_1, we can lower bound Pr{Yx = z|Y1,..., Yk 1} as

PI‘{YK =X | Yl, . --YK—I}

HllIf;an 15 () < min p;(x).
L= 2t P (yy) — I=m

Since the resulting probability is independent of 7y ...7x_1, we can write

Pr{z ¢ ér (i)} = > PV, Y} (1 -Pr{Yk ==|Y1,..., Y 1})
Y1y YK —17T
< (1- glgigﬂj(l‘)) > Pr{n,.., Vi)
Y1y YK — 17T



and by induction on K

Pr{z ¢ ¢x(@1a)} < (1 - minpy(2)".

Since this bound does not depend on 7, the desired result follows. ]

Lemma 5 (Lemma 3 in the main text). Let u be a memoryless stationary source, let B C X,6 €
(0,1), and let v(B, 1) := mingep p(z). Let ¥ := (Y : t € N) be the sequence of alphabets YV :=
Y(S:) C X induced by running Algorithm 1 on a string x1., ~ p. Further let Gy (x), Gy (B) be the
events defined as

Gn(z) = {Vt > 7(x,510),2 €V} Gn(B):= ] Gu(®)

z€eB

Then for K > v(B, u) tlog(|Blné~1), we have
Pr{G,(B)} >1—6.

Corollary 1. Under the same conditions as Lemma [3, with probability 1 — § the Budget SAD
contains the correct counts for all x € B, i.e. ¢, 1, (z) = Na(2).

Proof (of Lemmal3). Let Ay := {& € X : Ny(z) > 0}. By definition, is trivially true

whenever 7,(x) =n+ 1. For x such that 7,,(z) < n, we begin with

n

Gu(z)= [\ (@eV)=()lx¢AUzecd).

t=rn () t=1

Using De Morgan’s law, we rewrite the above as

s

~Gu(z)=| Jze ANz g W) C U (z ¢ V)

t=1

Recall that ), := Y(S;) is the alphabet corresponding to our K-distinct sample of z1.;. By
and the definition of v(B, 1) we have, for any = € B,

Priz ¢ Y} < (1-p(a)X
S 7U(Bnu)K
< o (B,

where we used the fact that 0 < v(B,u) < 1 (third line). From a union bound over B and
t=1,...,n, we obtain

Pr{=Gn(B)} <> ) Pr{z ¢ M} <6
zeB t=1

It follows that G, (B) must occur with probability at least 1 — 4. O



We now develop three lemmas needed to prove an expected redundancy bound for the Bud-
get SAD. Two random sequences arise in our analysis of this expected redundancy: the se-
quence of symbols x1., ~ p and the sequence of random insertions ri.,, sampled according to
re ~ % ({0,...,t —1}). These two sequences together induce a random sequence of K-distinct
summaries, (S : t € N), with S = [(yr,i, dis, i) € X x NT x Nt : 4 € [K]], which itself induces a
sequence (Dy; :t € N,i € [K]) with Dy ; := 23;11 dij.

Our redundancy bound depends on an augmented version of Z* which contains K > |Z*|
elements. This augmented set Z,yq is defined as

Z e = arg max ju(B).
BCXx
Since K > |Z2*| and Z* is composed of the most frequent symbols in y, it follows that Z* C Z, .
We begin by bounding the expected “length” of our K-distinct summary, Dy x41, which we then
use to bound E [z], the expected number of discards. This latter quantity plays a critical role in
the expected redundancy of the Budget SAD.

Lemma 6. For any t € N, we have

mf,m Dy k1] <min {t — 1, K(1— pu(Zuue)) "t — 1}
Proof. As previously, let Z1., ~ % (P(x1.,)) denote the random permutation of 1., induced by
T1m, and let y := y1 ...y := ¢r(Z1.). Further let 4 (p) be the geometric distribution with mean
p~ L. Recall that Dy 41 is the first occurrence of the first ¢ y in #1.,. Since Z1., is a uniformly
random permutation of x7.,, itself drawn from a memoryless source, we can use the same argument
as in Lemma[4 to view &1., as drawn from a random process which outputs &1, Z2, ... according to
. The times of first occurrence of symbols in y are thus

(y) = 1
Tt(y2) ~ 1+9G(1—p(y1)) = m(y1)

() ~ mlyi)+9 1= wy) |,

approximately (i.e. when ¢ is large enough); observe that this approximation is an upper bound on
T¢(yi), since at most ¢ symbols can be observed. Since Dy; = 7,(y;) — 1 for i < K, we deduce that

K i—

1
Dty ~ Z{ﬁ 1—Zﬂ(yj) — 1, and
=1 1

Jj=

K
EDikp] < KE|9[1-> puy) || -1
j=1
< K(l_,u(ZAUG))il -1,
as required. ]



Of course, since D; 41 < t, this upper bound is trivial for distributions such as the problematic
u(+) oc 2% described in Section 6 of the main text.

Lemma 7. Let % (-) denote the discrete uniform distribution and let P(-) be an arbitrary distri-
bution over N. Fort € NT, let

O~P() r~wU{l,..., 1)

Then
Pr{r >0} > Pr{r > E6}.
Proof.
[e’s) t
Pr{r>60} = > Pr{0=j}> Pr{r=i}ls
j=0 i=1
o) i+ 1
j=1
1 & . 4
j=1
- B G .
= D Pr{0=3j}— > Pr{6 =7} [(G — Dlzy + T
j=0 Jj=1
- t
But then B0 E0
PI"{TZEQ}:l—mﬁl—t,
and the result follows. O

Lemma 8. Let z; be defined as in Algorithm 2 (Budget SAD), let k = K(1 — pu(Zauc))™", and
assume that Gn(Z*) occurs (Lemmal[). Then

(1— u(2%) (t - wlogt) < Elz] < (1— u(Z*)t
0<Ez].

Proof. We begin by writing z; as a sum of indicator functions:
¢
&t = Z ]I[xl is discarded]
i=1

t
= Zﬂ[mi¢2*7ri>Di,K+1] (4)
i=1

Observe that {z; ¢ Z*} is independent from {r; > D; x41}. Using the fact that p is memoryless,

we further have .

E[z] = (1 - u(2*)) Priri > Dixi1},
=1

9



from which we immediately infer the upper bound. Then, since r; ~ % ({0,...,7 — 1}), we appeal
to Lemmas [6] and [T to write

Elz] > (1-p(2))) Priri>E[Dixul]}

=1
i=1
¢ _ -1
=1

> (1—p(2) (t— (K(1 = p(Zava)) ") logt)
= (1 p(Z) (¢~ rlogt),

yielding the lower bound, as desired. O

Theorem 2. Let § = o(log|X|+nlogn) and K > v(Z*, u) " log(|Z*|né~1). Let Zyue € X of
size K mazimizing u(-), and let k == K(1 — u(Zsv6)) L. The expected redundancy of the Budget
SAD p® with respect to the optimal pj, is bounded as

E [3.(p", pl’;)] < M(Z*)% logn 4 (1 — u(Z2*))klog?n+ O(klog(kn)loglogn).

Proof. Let pf(-) = pP(- || v<t), G := Gn(Z*), 1 == (¢, V), and let A := {z € X : Ni(x) > 0} be
the true observed alphabet. Recall that for x € ),

pi (@) o< Ny(x) = max { Ny(x), 5ri() }

and also

> ot(x) =D Nil) + Frw ().

reX HASNY
In what follows we assume without loss of generality that this sum is equal to

Z Ni(x) + Ay () = t 4+ (t, V),
TEYV:

noting that even when this assumption does not hold the excess redundancy (under the other
conditions of the theorem) can be shown to be negligible. We begin by expanding the definition of
expected regret:

E [ = B |-oslim]

Z1:n,T1:n Z1:n,T1:in p;;(:(}ln)

—. pp(w)
= E —>» lo
T1:n,Tl:n [ Z & p:}(.%'t

— )
- 3,5, [ee)
= 2B, [ ®



For each time t € [n] we consider three disjoint events: 1) {x; € Z*} NGy, 2) {z; € Z*} N -Gy,
and 3) z; ¢ Z*. We write

P?(ﬂft)] [ P (1)
E [—lo = E |-lo Iip,cze + iy czong) + g, ¢ 2
T1:t,71:t & pZ(xt) T1:t,71:t & p:;(l't) ( [ee€27NGx] [21€27N~Gh) o g2 ])

We now bound each term individually.
Case 1. {7; € Z*} N G,. By definition of Gy, we have that ¢; ) = Ny(v) for all z € Z*.
Furthermore, (¢t — z;) > 1. The Budget SAD predicts z; with probability

By _ tN(x)
KD S P
Nt(.’B)
Tt )
Nt(x) __ SAD

Pt Ay e
Furthermore, for any = € Z*, p,(x) = pu(z). Therefore, if 2; € Z* and G,,(Z27), then

SAD(ZL‘t | :L'<t)

p
p(xt)

< —log

In other words, given G,,, the Budget SAD predicts better on x; € Z* than the SAD.
Case 2. {z; € Z*} N =G,,. Recall that, by definition, we have

B wy(xe) (2 + 1)
pr () > T (6)

We thus conservatively bound the loss of the Budget SAD as

B
E |: lOg pi (;Ut) T € 2*7 _‘Gn:| < - og w + 10g M(l‘t)
T1gT1 Py (xt) L+
t+ Yt
< log|X\ V| + 1o
1\ 31| +log 2
t
< log|X| —l—logﬂ
M
< log|X|+logt —log~y + 1
< log|X|+logt+loglogt + 1, (7)

where we assumed that ¢ > 7, without loss of generality.
Case 3. x; ¢ Z2*.
Let
f(t) == max {t — klogt,0}.

11



From Equation [6] and Lemma [§] we have

E [lo P (@) ‘Cﬂt ¢Z*} < log [we () (2t + 1) |X\ 27 ]

evera |0 ppa) = Tt 1@
S mx { L2 f%} 1- #(Z*))_l]
o[ 0. o1
< min{—log [ff)],oaogt)}. (8)

We now sum over all time steps. For the event {x; € Z} N G,,, we use the SAD estimation bound
from Hutter (2013; see also the main document):

1:¢,71:t B

n B .
Z E [— log pi (1) ‘a:t € Z,Gn] < |Z|7110gn+0(loglogn). 9)
e P () 2

Combining 7" := [k logn] Withyields
- B . t —rlogt
Z E [— log pi (1) ‘xt ¢ Z*] < O(TlogT) — Z log [/<c()g]
t=1

T1:¢,T1:t pZ(UCt) t=T+1 t

- 1
O(TlogT) + Z filogt
t=T+1

< O(TlogT) + rlog*n (10)

IN

t— klogt

Combining Equations [7] [0, and [I0] we write
E  [3.(0%0,)] < Pr{z; € 2" N=Gp}(nlog|X|+ 2nlogn)

Z1:n,T1n
27| -

+ Pr{z; € 2" NG,} < =

1
logn + O (log log n))

+ Pr{z ¢ 2%} (O(T'logT) + rlog®n)
= 0u(Z%) (nlog|X|+ 2nlogn)

+ (1=90)u(2") (’Z*’ -1 logn + O(loglogn)>

+ (1= pu(2%)(rlog?n 4+ O(Tlog T)), (11)

and taking § = o(n(logn + log |X|)) we have
127 -1

5 logn + (1 — u(Z*))klog? n + O(klog(kn) loglogn)

E  [3.(0%p))] < u(2Y)

Z1:n,T1in

since T' = O(k logn).
As a final remark, note that we can alternatively bound the left hand side of Equation [I0] by
O(nlogn), and therefore also bound the whole loss by O(nlogn). O
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